In the paper, a method for the estimation of the contact force and contact location is proposed. Contact can occur at any point on the body of the robot manipulator. The contact force estimation algorithm is based on the measurement of the part of the joint torques caused by the external force. As this is a complex nonlinear problem, the proposed method is based on nonlinear constrained optimization. Using certain assumptions, the complexity of the problem is reduced. In this paper, only robots with cylindrically-shaped links are considered. The simulation and experimental results show that the proposed approach allows the estimation of the contact forces by using only the joint torque sensors, without any additional external sensory systems for the detection of contacts along the robot body-structure.
Introduction
As there are an increasing number of robots being utilized in the same environments as humans, several safety issues should be considered. When the robot interacts with the environment or an object, it has to develop a compliant motion with a controllable interaction force so that the manipulator complies with environmental constraints. Impedance control [1] is one of the most effective methods for the development of such compliant motion. Even if there are many benefits to utilizing the contact along the entire robot structure, today most robots interact with their surroundings only with their end-effectors. Since any part of the robot structure could interact with the environment, it is beneficial to control the impedance of several points on the body of the robot in order to control any contact with the environment [2, 3] and not just to control the end-effector impedance as necessary for the main task.
Existing control strategies for link contacts require knowledge of the contact point location. To determine the proper point on the robot structure which is in contact with the environment, additional sensory systems on the robot or in the neighbourhood are inevitable. Often, for this purpose, cameras or other non-contact sensors are used which scan the robot environment and detect an obstacle prior to actual contact. However, with the use of cameras the overlapping problem arises, and in some cases it is not possible to cover the complete robot workspace. Other possibilities for detecting the environment and obstacles following a collision include sensors such as sensible tactile robot skin [4] , which is mounted on the surface of the robot torso and limbs (e.g., iCub [5] ).
Without such tactile sensors or other external sensors, the detection of the contact becomes more difficult. Therefore, we want to check the feasibility of using joint torque sensors for contact detection, which are used in many new robots such as the torque-controlled soft robots [6] . The torque sensors provide for the possibility of estimating the torques that are caused by the external forces. The advantage of this joint torque-based estimation of contacts is that it may be employed in any manipulator that is able to measure joint torques.
To get the contact force, we have to estimate the contact force and the location where this force is acting on the robot structure. The estimation of the contact points along the robot structure has only been investigated by a few authors. Some authors [7] have proposed a probabilistic approach to link contact estimation based on geometric considerations and compliant motions. Some authors [8, 9] have estimated external forces exerted on the end-effector of a robot manipulator using information from joint torque sensors. Others [10, 11] have used external joint torque measurements to estimate single contact points on the last link of a robot arm. This paper proposes the method for the detection and estimation of the contact point position and force at any location on the robot structure. An external contact force on the robot structure is detected by measuring the torques in the robot joints which are caused by the external force. The estimation of the unknown contact force and unknown contact point location is done using nonlinear optimization methods. The proposed algorithm is verified by simulations with a dynamic model and by experiments on a KUKA LWR robot arm.
The paper is divided in six sections. Following the introduction, in Section 2, we give the background information regarding the external joint torques, which form the essential element of the contact estimation algorithm presented in this paper. Next, in Sections 3 and 4, the paper describes the method of contact point detection and the optimization procedure, respectively. The proposed method is evaluated with simulations and experiments in Section 5. In Section 6, final remarks and conclusions are given.
External joint torques
Let the configuration of the manipulator be represented by the n-dimensional vector q of the joint positions, and the end-effector position (and orientation) by the m-dimensional vector p of the task positions (and orientations). Then, the kinematics can be described by the following equations:
where f is a m-dimensional vector function representing the manipulator forward kinematics and J is the m × n manipulator Jacobian matrix. Assuming that the manipulator consists of rigid bodies, the joint space equations of motion can be written in the form:
where τ is a n-dimensional vector of control torques, H is a n × n inertia matrix, h is a n-dimensional vector of Coriolis and centrifugal forces, and g is a n-dimensional vector of gravity forces. If an external force F is acting at the end-effector, then the complete equations of motions are:
where the vector τ F represents the torques due to the external forces acting on the manipulator. Knowing the torques τ F gives us the possibility of estimating the corresponding external forces F o and the force application point p o .
Let us assume that an external force F o is acting at the point p o somewhere on the robot structure, as shown in Figure 1 . Then, the static relationship between the m-dimensional external force F o and the corresponding n-dimensional joint torques τ F is:
where J T o is the Jacobian matrix in the point p o . Combining Eqs. 5 and 6 yields:
Note that if the external force F is acting on link i, then this force does not influence the joints j, j = i + 1, . . . , n. Therefore, the Jacobian matrix J o can be written in the form:
whereĴ o is a m × i matrix. Note that we are considering only external forces and not external torques. Hence, we do not have to use the complete Jacobian matrix When the dynamic model of the robot mechanism is known, τ F can be obtained using Eq. (5). However, in practice it is not easy to get the correct values of τ dyn -the parameters of the dynamic model are not known exactly, and also the joint accelerations cannot be measured directly. To overcome these problems, the external joint torques can be estimated using disturbance observers or momentum-based observers [11, 12] , which are beyond the scope of this paper. In the paper, we assume that the external torques obtained using the dynamic model and the external torques from the robot sensors are suitable for use in the process of contact estimation. In simulation examples, the dynamic model of the robot is exactly known, and the external joint torques can be estimated without any problems. In the experiments, we used the KUKA LWR robot, for which we did not know the dynamic model. However, the KUKA KRC robot controller [13] provides information about the external joint torques, which are measured using integrated torque sensors in the robot joints [6, 14] , and these torques have then been used to estimate the external forces.
Contact point and force estimation
In general, a contact is characterized by the three-dimensional contact force vector F o and the three-dimensional contact position p o . The force vector is, in general:
where F o is the amplitude andF o is a normalized vector representing the direction of the contact force.
The problem we address in this paper is how to find the contact forces and positions given the resulting joint torques:
We can see that solving Eq. (10) for p o and F o given only the external joint torques τ F is a highly nonlinear problem, and multiple solutions may exist. The torque produced by the contact force may arise from a wide variety of contact situations.
Let us denote the number of unknowns κ as the dimensionality of our problem. Then, to characterize the contact in general, there are κ = 6 parameters for the spatial and κ = 4 parameters for the planar case.
We propose to solve the problem described by Eq. (10) using nonlinear optimization techniques. As we want the solution to be available in real-time, the optimization procedure has to be fast enough to provide contact information to the control (e.q., for the obstacle avoidance algorithm). Since the calculation time for the high-dimensional optimization problem could be too long, it is necessary to reduce the dimensionality of the problem. Therefore, we use some assumptions regarding the contact position and the contact force.
In [10] , different constraints that are imposed upon the variables F and p are described. These constraints arise from the shape of the robot link in contact and from the restrictions on the applied forces due to friction and the contact geometry. The different contact geometries, like points, lines and planes, are well described in [15] and [16] .
While in general multiple contacts may occur and can be identified with a sufficient number of sensors, we assume that only one external force is acting on the robot simultaneously and that the contact area is assumed to be a single point. Any obstacle of an arbitrary shape which is located in the robot workspace can be treated as a single point on the obstacle surface. This point is selected as the closest point to the robot. Hence, the approximation of the contact area as a single point contact is reasonable.
Any force that is acting on the surface of the robot structure is a vector that can be divided into normal and tangential The force vector that is acting on the specific segment of the robot can be represented in a cylindrical coordinate system components. The normal component produces a pure force on the robot surface, which results in the following joint torques:
where R represents the contact point in the robot base coordinate system. The tangential component of the force can influence the robot only when the friction in the contact point is considered. When the frictionless contact point model is used, the tangential component of the force F 0t can be neglected.
The contact force vector that is acting on a robot link can be represented in a cylindrical coordinate system (see Figure  2 ), which is aligned with the corresponding robot link backbone. Assuming that the tangential force component is zero, the angle θ = π 2 ). Thus, considering only the normal component F 0n of the external force, the force can be defined with two parameters: the amplitude F 0n and the direction φ:
With this assumption, the dimensionality is κ = 3 and κ = 2 for the spatial and planar robot cases, respectively.
To estimate the contact point location p 0 , it is necessary to define the Jacobian matrix J 0 for the contact point (see Figure 1 ). To simplify the estimation, we propose to define the contact point location with minimal parameters. As we are dealing with a serial link robot structure, we introduce a new variable, s, which defines the nominal location of point p o along the robot structure (see Figure 2 ). If the point p o is on the link i, then:
where l i denotes the link lengths and a i is the distance between joint i and point p o . The variable s has values within the interval [0, 1], where s = 0 denotes the robot base and s = 1 denotes the robot end-effector.
Using this new variable, we can define the Jacobian J o as a function of s: (14) which indicates that the Jacobian in the contact point depends upon the contact point position p o and where this position depends upon s. Consequently, the problem of searching for the contact point location p is reduced to a one-dimensional problem of finding the variable s.
Let us denote the estimated external force as F s and the estimated contact point as p s . Then, using Eq. (6), the estimated external torques τ s are:
The problem is how to find the solution for above equation so that τ s are equal to the τ F in Eq. (10) . We propose to use optimization methods to find such τ s , that the p o (s) − p s and F 0n − F s are minimal.
The estimated external force is represented with its direction and amplitude:
whereF s represents the normalized external force. Note that in the following we denote by (·) all the variables related to the forceF s .
Estimating the force amplitude is trivial. Let us assume that we know the torquesτ s :
which are caused by the forceF s acting in the same direction as F s . Normalizingτ s Eq. (17), this can be rewritten as:τ
Note thatτ s is a unit vector in n-dimensional space. Normalizing Eq. (15) and considering that:
then by combining Eqs. 15 and 18, the force amplitude can be calculated as:
Therefore, it is not necessary to include the external force amplitude calculation in the optimization process, as explained later.
The contact is now characterized with the scalar s defining the location of the contact point on the robot structure and the direction (angle) of the contact force vector φ. Consequently, the dimensionality of the problem is reduced to κ = 2 for the spatial case and to κ = 1 for the planar case.
We propose to solve Eq. (10) by using constrained nonlinear optimization methods. Note that, because of the torque normalization utilized during the calculation of the contact force amplitude, the total number of n equations is reduced by one.
Let us explain this using a simple example. If the external force is acting in such a way that it influences only one joint, the torque in this joint can be calculated as τ = r(s) × F , where one known variable (τ ) is on the l.h.s while on the r.h.s are two unknown variables s (representing the lever arm) and the force amplitude F . Obviously, multiple solutions exist. Actually, it is not even important to know the exact location s -we can select it arbitrarily and then calculate the corresponding force amplitude. It can easily be shown that any action we perform based on this force will be the same regardless of the selected location s.
Such a situation always arises when estimating the contact force that is acting on the first segment of the robot, or in such a way that it influences only one robot joint. In this case, some additional sensory equipment (like tactile skin or a camera, etc.) is necessary if we want to determine the contact location exactly.
Optimization process
In general, the constrained optimization problem is a problem of solving n nonlinear equations with κ unknowns, which are constrained. If n < κ, the system is underdetermined and it has infinitely many solutions. If the number of equations and unknowns is the same, n = κ, then the system has one solution. In the case where there are more equations than unknowns, n > κ, the system is overdetermined and has a solution only when there are enough linearly dependent equations or when only an approximate solution can be found minimizing some criterion.
The constrained optimization problem is the process of minimizing an objective function f (x) with respect to some variables x:
The goal of the optimization procedure is to find the best approximate solution and the most popular criterion is to select for the objective f a norm · . Let the objective function value f * be:
where τ F and tqs are the measured and estimated torques, respectively. Then, the value of the objective function is minimal when the difference between the estimated external torques and the measured external torques is minimal. Rewriting the measured external torques into the form:
and the estimated external torques into the form:
and using the same reasoning as in Eqs. (16) , (17) and (20), we can rewrite Eq. (24) as:
Then, the objective function Eq. (22) is:
It is obvious that in order to minimize f * we must minimize only the second part of Eq. (26). Thus, the final objective function f is defined as:
Note that by using this objective function we minimize the angle between two unit vectors in a n-dimensional space, i.e., the estimated external force F s and position p o (s) cause such joint torques that the relative effect for the particular joint torque components τ si , i = 1, . . . , n is as in the measured external torques τ F .
We can define a state vector of the unknown variables x for the optimization process as:
for the spatial robot, and:
for the planar case. In both cases, the states are constrained:
In our case, we have only the inequality constraints:
where l and u are the lower and upper bounds for the variables x. Many of well-known optimization algorithms proposed for solving non-convex problems are not capable of making a distinction between local and global optimal solutions, and they treat the local optimal solutions as the actual solutions to the problem. Therefore, it is necessary to use a global optimization method that finds the global minimum of the objective function.
Since global optimization methods search for the global minimum over the entire constrained space they are time consuming. However, considering the fact that once the robot is in contact with the environment, the contact force (location and direction) does not change significantly during one time step, i.e., we assume a continuous force and location. Thus, once we obtain the solution, the search interval Eq. (30) can be narrowed to the neighbourhood of the previous solution for the next time steps:
where k denotes the time instance, while δ s and δ ϕ define the neighbourhood. As it is not likely that in this narrower search space more minima exist, it is appropriate to use local optimization methods, which are in general faster than global ones.
In our paper for the global optimization method, the DIRECT algorithm [17, 18] was used, while the FMINCON algorithm [19] was used in the local optimization method.
During the first step of the optimization process, the DI-RECT algorithm estimates the function value in the set of points sampled by the algorithm, which are scattered over the constrained interval Eq. (30). The DIRECT algorithm converges on the global optimal function value if the objective function is continuous or at least continuous within the neighbourhood of a global optimum. The convergence of the algorithm is shown in [17] . During the next steps, the value obtained from the previous global optimization search is used as the initial value for the local optimization search during the reduced constrained interval Eq. (32).
Experimental and simulation results
To evaluate the proposed estimation of external forces, we first show the simulation results for a planar robot manipulator, after which we give the simulation results for a seven-DOF robot. Finally, we implemented the proposed algorithm on a KUKA LWR robot and now give some experimental results.
Contact location estimation on a four-DOF planar robot
A planar robot was modelled in the MATLAB/Simulink environment using the MATLAB Planar Manipulators Toolbox [20] . As described in the section 3, the dimensionality of the contact search problem on a planar robot is reduced to κ = 1. The result of the optimization process is the location at which the contact force acts upon the robot structure. The contact force amplitude is estimated after the optimization process, as described in Eq. (20) . Since the contact is assumed to be frictionless, only the normal component of the force is estimated.
The state vector (i.e., variables that are the subject of the nonlinear optimization) is Eq. (29), with the corresponding constraints Eq. (30).
In the simulation, a planar robot with four revolute joints and link-lengths l i = 1, i = 1, . . . , 4, was used. Meanwhile, in its initial configuration q 0 , q o = [0, 1, −2, 1] T , an external contact force with amplitude F o = 2N was acting upon the robot structure at the different locations p o (s i ), where:
The external joint torques were calculated from the known force and contact location, as in Eq. (10) . Some white noise with a signal-to-noise ratio of 20 was added to the estimated torque signal. The configuration of the planar robot with contact forces acting at different locations s i is shown in Figure 3 .
The estimated contact force is defined as:
where L(i) denotes the link number where the point p s (s i ) is assumed. Note that the direction of the force φ is assumed to be perpendicular on the robot segment.
The objective function values in the optimization using the DIRECT algorithm for the selected external forces are shown in Figure 4 . It can be seen from the figure that when Once the optimization process is over and the contact point location p s (s i ) is known, the estimated contact force amplitude F s is calculated as described by Eq. (20).
Seven-DOF robot dynamic model simulation
In the next simulation, we used a seven-DOF robot with the same structure as the KUKA LWR robot. The robot was modelled in the MuJoCo simulation environment [21] , which enables the modelling and simulation of multi-body dynamic systems with contacts. The robot segments were modelled as cylinders and a frictionless contact model was used. As before, we considered all the approximations mentioned in section 3. The simulation setup and control scheme are shown in Figure 5 and 6.
The state vector x for the optimization process was selected as in Eq. (28) and with constraints as in Eq. (30).
While moving, the robot collided with an obstacle in the robot workspace and slid along it. This contact created contact forces which influenced the robot joint torques. The resulting external torques were estimated from the measured joint torques using the known dynamic model of the robot as described in Eq. (5). The Figure 7 shows the plots of the objective function values for two instances of the optimization procedure. During the first (initial) step, the result is obtained using the global optimization method based on the DIRECT algorithm, which searches for the result throughout the entire constrained space. The result from this step is then used as an initial value for the search with the local optimization method FMINCON on the narrowed interval Eq. (32), where the δ s and δ ϕ were chosen as:
The external force is modelled as given by Eq. (12) . The result of the optimization process was the normalized dis-tance from the robot base s and the contact force direction ϕ. The results of the optimization can be seen in Figure 8 .
Time analysis of the optimization algorithm
The time analysis of the optimization algorithm was made on the simulation environment described in section 5.2. The evaluation time of the optimization algorithm depends upon the number of steps necessary to find the solution at the desired level of accuracy, which in our case is 3% for the position variable s and force direction angle φ. Note that the required accuracy depends upon the needs of the application in question. For example, when using the contact force information in combination with obstacle avoidance, practical experience has shown that an accuracy of about 3% is sufficient. During each iteration step of the optimization routine, there are several function evaluations which require computational time. As expected, the total computational time increases with the number of iterations. As described in section 4, the main problem is to estimate the location at which the external force acts upon the robot structure. As we do not have any prior information as to the location of the external force, and since the system is highly nonlinear, we propose that the global optimization method be used in the first search (i.e., when the contact occurs). The use of the global optimization is necessary to find the global solution and in order to avoid ending in a local optimum. Thus, during this step the DIRECT algorithm finds the global optimum. It was experimentally evaluated that a minimum of 15 iterations are needed using the global optimization algorithm in order to get an adequate solution. Of course, it is possible to reduce the number of iterations, but consequently the accuracy and the continuity of the result are also reduced. Afterwards, and assuming the continuity of the position of the force location, we propose to use a local optimization method with initial values from the previous step. Since the local optimization method requires less function evaluation in obtaining the same accuracy for the result as the global optimization method (and is therefore faster), the usage of the combined optimization method is reasonable. The results of the time analysis are shown in Figure 9 .
It is easy to see the difference between the timing, the number of function evaluations and the accuracy of the global optimization method using five and 15 iterations. Next, using the combined optimization method, we can achieve the same accuracy but with fewer iterations as with the global method using 15 iterations.
Of course, this approach has the drawback that, during the first step, it needs more function evaluations (i.e., more time) wherever the global optimization method is used. In the next steps, the degree of computational complexity and the calculation times are comparable to the five-iteration global optimization method. From Figure 9 b), we can conclude that the use of the proposed method for the estimation of the contact force and location is practical and suitable in those applications which do not require an acquisition rate faster than 30 Hz. Note, that the frequency of the acquisition could be higher, but then the accuracy would be reduced. The error on figures c) and d) was calculated as the difference between the real values and the estimated values during the time interval between t 1 when the contact occurs and the t 2 when the robot is no longer in contact.
Experimental evaluation of the contact point detection algorithm
The algorithm of the external force and contact point estimation was experimentally evaluated on a KUKA LWR seven-DOF robot arm. The details of the robot system setup are described in [22] and shown in Figure 10 . The robot, in position control mode [13] , was controlled using a controller implemented in MATLAB/Simulink running on a client computer, which was connected to the robot controller by the Fast Research Interface (FRI). The FRI provided information about the external joint torques from the joint torque sensors at a frequency rate of 1 kHz, and which was acquired by the computer running MATLAB/Simulink at a frequency rate of 100 Hz while the contact estimation algorithm was running at 30 Hz. The trajectory for moving the robot was predefined in such a way that a particular point on the robot structure at s = 0.7683 collided with a JR3 multi-axis force-torque sensor placed at a fixed position, which produced the external joint torques. The experimental setup is shown on Figure  11 .
The state vector x and the constraints were selected as in the previous experiment. The external force was modelled as given by Eq. (12) . The simulation results can be seen in Figure 12 .
In the second experiment, we evaluated the contact estimation method when the force acts at different locations and from different directions. Here, the robot had a fixed configuration, not moving, and the human operator was holding a JR3 multi-axis force/torque sensor and touched the robot at different points on the robot surface. Since the body of the robot is almost cylindrical, the robot body was approximated with backbone lines, as described in section 3, and therefore the contact points on the robot surface could be approximated with points on these lines. 
from the base to the end-effector of the robot. The actual and estimated contact points with their estimation error are shown in Figure 13 .
As we can see, the accuracy of the estimated locations of the contact points is better when the contacts are closer to the end-effector. This observation is as expected. Because of the selected contact force direction and current robot configuration, while estimating the contact point on the second robot segment the problem Eq. (10) manifests as an underdetermined system, since the torque measurements are available only for one robot joint. Additionally, the noise in the torque measurements and the errors in the dynamic model parameters influence the calculation of the external joint torques. As the Jacobian matrix J o in the contact point (see Eqs. (8) and (10)) is sparser for contact points closer to the robot base, the sensitivity of the estimation of the contact force and the contact position to the external joint torques errors is greater when the contact point is closer to the robot base. At first sight, it seems that something is wrong with the estimated contact position at Point 5 in Figure 13 . However, note that the force is acting in such a way that it influences only the second joint. Hence, the system was unable to estimate an accurate contact position (as explained in Section 3).
In the third experiment, the robot had the same configuration as in the previous experiment and was not moving. The proposed algorithm estimated the contact information while the contact force acted from different directions. Similar to the previous experiment, the human operator applied a force from four different directions while holding a force sensor (with an offset angle ∼ π 2 ) around the point p o (s 7 ) (marked with 7 in Figure 13 ). The results are shown in Figure 14 .
Conclusion
The paper proposed a method for estimating the external force acting on the body of a robot (i.e., the location of the application point and the external force) using information about the part of joint torques due to the external forces. The estimation is limited to robots with cylindrically-shaped links. The problem of estimating the external force based on joint torques is not easy, since the contact force may arise from a wide variety of contact situations. Using a combination of the global and local optimization methods, it was possible to estimate the contact point location and contact force, corresponding to the measured external joint torques caused by the external force from the contact. With some approximations, the dimensionality of the problem is greatly reduced and the methods are feasible for use with real robots. Note that the algorithm can be extended to a more general case using a more complex problem definition of the state vector variables and a greater number of contacts, etc. However, this results in the increasing complexity of the optimization.
The algorithm was verified by simulations and experiments. The results show that with the proposed method -and under some assumptions -it is possible to estimate the external force and locate the position of the contact point, and that this can also be done in real-time with a real robot. Of course, its practical applicability depends upon the particular usage of the estimated external force.
